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Inversion symmetric non-Hermitian Chern insulator
H. C. Wu, L. Jin,∗ and Z. Song
School of Physics, Nankai University, Tianjin 300071, China
We propose a two-dimensional non-Hermitian Chern insulator with inversion symmetry, which is
anisotropic and has staggered gain and loss in both x and y directions. In this system, conventional
bulk-boundary correspondence holds. The Chern number is a topological invariant that accurately
predicts the topological phase transition and the existence of helical edge states in the topologically
nontrivial phase. The band touching points are isolated and protected by the symmetry. The band
touching affects the existence of helical edge states. Moreover, topologically protected helical edge
states exist in the gapless phase for the system under open boundary condition in one direction.
The detaching points between the edge states and the bulk states are predicted by the winding
number associated with the vector field of average values of Pauli matrices. The non-Hermiticity
also supports a topological phase with zero Chern number, where a pair of in-gap helical edge
states exists. Our findings provide insights into the symmetry protected non-Hermitian topological
insulators.
I. INTRODUCTION
The topological phase of matter in condensed mat-
ter physics has been attracting considerable research in-
terest and has been widely explored [1–7]. Open sys-
tems ubiquitously exist in physics [8–10], particularly,
the optical and photonic systems; these are mostly non-
Hermitian because they interact with the environment
[11–16]. Currently, topological systems extend into the
non-Hermitian region [17–44], and the nontrivial topolog-
ical properties are studied in one-dimensional (1D), two-
dimensional (2D), and three-dimensional (3D) systems,
including the Su-Schrieffer-Heeger (SSH) model [45–49],
Aubry-Andre´-Harper (AAH) model [50–55], Rice-Mele
(RM) model [56, 57], Chern insulator [58–62], and Weyl
semimetal [63, 64].
Edge states in the parity-time (PT )-symmetric sys-
tems are considered absent because the edge state with
its probability localized at one system boundary is not
PT invariant [21]. However, PT -symmetric interface
states can localize at the interface or domain wall of
two configurations with different topologies [65, 66]; a
zero mode can appear at the interface of lattices in the
same topological phase but with different non-Hermitian
phases [67]. Both the types of interface states are topo-
logically protected and robust to disorders. Topological
edge states lasing in 1D [68–71] and 2D [72–75] have been
reported recently; robust single-mode lasing prevails due
to the topological protection. Non-Hermitian topological
systems with PT symmetry are of primary focus [76–
82]. Other symmetries, such as chiral-time (CT ) and
charge-parity (CP) symmetries, have been investigated
[24, 41, 48, 83, 84]. The topological aspects of non-
Hermitian systems, including edge modes [84, 85], topo-
logical invariant [63, 86–92], band theory [92–95], topo-
logical pumping [56, 59, 96–98], classification [99–105],
high-order non-Hermitian topological systems [106–111],
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semimetals [112–117], and symmetry-protected topolog-
ical phases and localized states have been investigated
[90, 118–121]. The exceptional points (EPs) of non-
Hermitian systems are connected by Fermi arcs [122–125]
or form EP rings and surfaces [64, 126–128].
Notably, the bulk-boundary correspondence fails in
some non-Hermitian topological systems [57, 61, 99, 129–
142]. The spectrum under the periodical boundary con-
dition (PBC) significantly differs from that under the
open boundary condition (OBC), and the eigenstates
under OBC are all localized at the system boundary
(the non-Hermitian skin effect) [133]. The topological
invariant can be constructed either from the biorthog-
onal norm [57], the non-Bloch bulk [61, 133], or the
singular-value decomposition of the Hamiltonian [140].
The reason for the breakdown of bulk-boundary corre-
spondence is that an asymmetric coupling induces an
imaginary Aharonov-Bohm effect [134, 135]; the valid-
ity of the bulk-boundary correspondence can be main-
tained by chiral-inversion symmetry [134]. The bound-
ary modes in non-Hermitian systems have been discussed
on the basis of the transfer matrix method [143] and the
Green’s function method [85, 144, 145]. The interplay
between non-Hermiticity and non-Abelian gauge poten-
tial has been discussed [146]. In contrast to the topo-
logical phase transition, the invalidity of bulk-boundary
correspondence, and the non-Hermitian skin effect, non-
Hermiticity may not alter the topological phase transi-
tion and system topology [147]. A graphical approach
has been proposed to visualize the topological phases in
non-Hermitian systems with CT symmetry [148].
In this study, we investigate an inversion symmetric
2D non-Hermitian Chern insulator, where the gain and
loss are alternately added in the x and y directions. The
non-Hermitian Aharonov-Bohm effect and skin effect are
prevented by the inversion symmetry, and the conven-
tional bulk-boundary correspondence is held. The Chern
number constructed from the system bulk is a topologi-
cal invariant used to predict the topological properties of
the Chern insulator. Different from the anomalous edge
states that are localized in a single unit cell [129], and
2those that cannot be predicted by the bulk topology [60],
a pair of helical edge states appear in the topologically
nontrivial phase of the inversion symmetric Chern insu-
lator under OBC. The gapless phases have band touch-
ing points in the Brillouin zone (BZ). The locations of
the band touching degenerate points (DPs) are fixed and
they do not change into pairs of EPs [124]. The band
touching EPs are isolated and topologically protected,
moving in the BZ and merging when they meet in pairs.
Band touching varies the system topology and the exis-
tence of helical edge states. Moreover, non-Hermiticity
creates a pair of topologically protected in-gap helical
edge states in a novel phase with zero Chern number.
The reminder of the paper is organized as follows. In
Sec. II, we introduce the inversion symmetric 2D non-
Hermitian Chern insulator. In Sec. III, we discuss the
energy bands, the phase diagram, and the topological
characterization of the bulk Hamiltonian. In Sec. IV, we
demonstrate the energy spectrum and the helical edge
states in different topological phases of the edge Hamil-
tonian, and we verify the validity of conventional bulk-
boundary correspondence. In Sec. V, we present the con-
nection between the 2D non-Hermitian Chern insulator
and other quasi-1D non-Hermitian topological systems
with asymmetric couplings. In addition, we discuss pos-
sible experimental realization. Finally, in Sec. VI, we
summarize the main findings.
II. INVERSION SYMMETRIC
NON-HERMITIAN CHERN INSULATOR
We investigate a non-Hermitian 2D topological system
with inversion symmetry. The schematic of the lattice of
the non-Hermitian 2D topological system is presented in
Fig. 1. The lattice in the Hermitian case is a Chern insu-
lator, constituted by vertical Creutz ladders [149]. The
Creutz ladders are horizontally coupled with strength t.
The intra-ladder rung represents a coupling with strength
m. Couplings of strength m and t are alternated along
the x direction. Along the y direction, the t/2 coupling
has an additional ±pi/2 Peierls phase factor in the front,
which results in magnetic flux pi in each plaquette, indi-
cated by the shaded square in Fig. 1. The off-diagonal
coupling strength in the plaquette is t/2, which is equiv-
alent to spin-orbital coupling [150]. The lattice Hamilto-
nian in the real space is H = H0 +H1, consisting of the
nearest-neighbor coupling term
H0 =
∑
i,j
[m(a†i,jbi,j + c
†
i,jdi,j) + t(a
†
i+1,jbi,j + c
†
i+1,jdi,j)
+
it
2
(a†i,jci,j − a†i,j−1ci,j − b†i,jdi,j + b†i,j−1di,j)] + H.c.,(1)
and the off-diagonal coupling term
H1 =
∑
i,j
t
2
(a†i,jdi,j+a
†
i,j−1di,j+b
†
i,jci,j+b
†
i,j−1ci,j)+H.c.,
(2)
y
2
it
i
i
2
t
m t
a
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x
FIG. 1. Schematic of the inversion symmetric 2D non-
Hermitian Chern insulator. The green (red) solid circle in-
dicates the site with gain (loss). The Peierls phase factor is
eipi/2 in the nonreciprocal coupling it/2 in the vertical direc-
tion. The Peierls phase leads to a flux of pi in each plaquette.
where the operators a†i,j , b
†
i,j, c
†
i,j , d
†
i,j are creation opera-
tors for the four sublattices in the unit cell (i, j). The unit
cell is indicated in Fig. 1 by the blue square with dashed
lines. The system exhibits inversion symmetry, and the
real space Hamiltonian H is invariant under a rotation
of pi with respect to the lattice center. The inversion
symmetry in 1D systems is the reflection symmetry. The
topological classification of non-Hermitian systems with
reflection symmetry and the rich topological phases are
studied in Ref. [103].
We consider generalization of the non-Hermitian sys-
tem holding inversion symmetry. The gain and loss
with rates γ are alternately introduced in both x and
y directions of H ; the non-Hermitian Hamiltonian is
H = H +Hγ and consists of staggered gain and loss
Hγ = iγ
∑
i,j
(a†i,jai,j − b†i,jbi,j − c†i,jci,j + d†i,jdi,j). (3)
Notably, the generalized non-Hermitian Chern insulator
H holds the inversion symmetry and differs from other
non-Hermitian Chern insulators without inversion sym-
metry in Ref. [60, 61]. The time-reversal symmetry en-
sures the absence of a nonzero real magnetic flux, while
the inversion symmetry ensures the absence of a nonzero
imaginary magnetic flux [134]. Thus, the non-Hermitian
skin effect is absent and the conventional bulk-boundary
correspondence holds in the inversion symmetric non-
Hermitian Chern insulator. The topological properties
of the system can be retrieved from its bulk topology.
In the following sections, the energy bands, phase dia-
gram, topological characterization, and edge states are
elucidated.
3III. THE PHASE DIAGRAM AND
TOPOLOGICAL CHARACTERIZATION
Bloch Hamiltonian. We apply the Fourier trans-
formation ρkx,ky = N
−1/2
∑
l,s e
−ikxle−ikysρl,s to the
sublattices ρ = a, b, c, d; the Hamiltonian of the non-
Hermitian system in the real space is rewritten in
the momentum space, H = ∑
k
H (k). The Bloch
Hamiltonian of the non-Hermitian system in the basis
{a†kx,ky |vac〉, b
†
kx,ky
|vac〉, c†kx,ky |vac〉, d
†
kx,ky
|vac〉} reads
H(k) =


iγ m+ te−ikx Λ−(ky) Λ+(ky)
m+ teikx −iγ Λ+(ky) −Λ−(ky)
Λ∗−(ky) Λ
∗
+(ky) −iγ m+ te−ikx
Λ∗+(ky) −Λ∗−(ky) m+ teikx iγ

 ,
(4)
where we have Λ+ (ky) = t(1 + e
iky )/2 and Λ− (ky) =
it(1 − eiky )/2. The Bloch Hamiltonian has the inver-
sion symmetry PH (k)P−1 = H (−k) with P = σx ⊗
σx, and the particle-hole (charge-conjugation) symmetry
CH (k) C−1 = −H (−k) with C = (σ0 ⊗ σz)K, where K
is the complex conjugation operation; σx, σy , and σz are
the Pauli matrices; and σ0 is a 2× 2 identity matrix.
The particle-hole symmetry ensures the spectrum of
H (k) to be symmetric about zero energy, with the energy
bands given by
E±,±(k) = ±
√
h2x,± + h
2
y + h
2
z. (5)
where µ = m + t cos kx + γ, ν = m + t cos kx − γ, and
hx,± =
√
µν± t cos(ky/2), hy = t sin(ky/2), hz = t sinkx.
For µν < 0,
√
µν is imaginary and the energy spectrum
is complex. Highly defective EPs appear at
√
µν = 0 (see
Sec. IV for more details), that is, when t coskx = −m±γ
and the EPs are special non-Hermitian phase transition
points with their energy levels coalesced in pairs at en-
ergy ±
√
t2 + h2z. The upper and lower bands shrink into
two levels with opposite energies. In the BZ, zero to four
highly defective EP lines symmetrically appear about
kx = 0 at different system parameters. In addition, the
band gap closes at zero energy, where the band touch-
ing points can be either DPs [hx,−(+) = hy = hz = 0]
or EPs. The inversion symmetry leads to an inversion
symmetric distribution of the band touching points in
the BZ and the band touching points always appear in
pairs of (kx, ky) and (−kx,−ky). Figure 2 depicts the
absolute value of the energy spectrum |E±,±(k)|. From
Fig. 2(a) to Fig. 2(f), the non-Hermiticity increases from
γ/t = 1/2 to γ/t = 5/2. The two upper (lower) energy
bands of the inversion symmetric non-Hermitian Chern
insulator constitute an entire band without intersection
after one of the two bands shifts by 2pi in the BZ along
the ky direction.
Phase diagram. To analyze the phase diagram of the
system in detail, we consider t as the unit. The phase di-
agram of the non-Hermitian Chern insulator is depicted
in Fig. 3 as a function of system parameters m and γ.
In the Hermitian situation with γ = 0, the energy bands
1=C
0=C
(a) (b)
(c) (d)
(e) (f)
FIG. 2. Energy bands of the non-Hermitian Chern insulator
at m = t for various γ. (a) γ = 1/2, (b) γ = 1, (c) γ = 3/2,
(d) γ =
√
3, (e) γ =
√
5, and (f) γ = 5/2. The absolute values
|E±,±(k)| are depicted.
are gapped for m/t 6= 0,±2 and the Chern number is
C = 1 (C = −1) for 0 < m/t < 2 (−2 < m/t < 0).
In case |m/t| > 2, the Chern number is zero. In the
non-Hermitian situation with γ 6= 0, instead of splitting
into pairs of EPs [124], the band touching DPs appear at
fixed positions in the BZ, with their appearance distin-
guishing the topologically nontrivial and trivial phases.
In the gapless phase, the band touching DPs occur at√
µν − t cos(ky/2) = hy = hz = 0, which depends on
non-Hermiticity given by
γ2 = (m± t)2 − t2. (6)
This is indicated by the red curves in the phase diagram
in Fig. 3. The DP locations are fixed in the BZ and at
(kx, ky) = (0, 0) for γ
2 = (m+ t)
2 − t2 and at (kx, ky) =
(pi, 0) for γ2 = (m− t)2 − t2.
The yellow and orange regions in Fig. 3 repre-
sent the gapless phase with two symmetry protected
EPs. The EPs possess distinct topology from that
of DPs due to the bifurcation linking the Riemann
4surface [151–165]. The band touching points are
EPs with fractional charge ±1/2 according to the
definition of non-Hermitian winding number WEP =
− (2pi)−1 ∮
Γ
∇k arg [E+ (k)− E− (k)] dk [92], where Γ is
a closed loop in the momentum space. In these gapless
regions, the symmetry protected EPs move in the BZ as
system parameters, and merge when they meet in the
BZ due to topological phase transition; then, the num-
ber of EPs in the BZ reduces to one and the topological
features of EP change. As γ increases, the separate up-
per and lower bands become closer and may touch at
|γ/t| > 1. The band touching EPs appear in the regions
(|m| − t)2 + t2 6 γ2 6 (|m|+ t)2 + t2. (7)
At m = 0, we have γ2 = 2t2; the EPs form EP lines
along ky = pi. Otherwise at m 6= 0, two EPs ap-
pear at (kx, ky) = (±θ, pi) when the system is within
the gapless region, where θ is obtained from cos θ =(
γ2 −m2 − 2t2) / (2mt). The EPs in the BZ appear and
move along ky = pi as system parameters, and symmet-
rically distribute about kx = 0 with different chiralities
[151, 152]. At the boundary of the gapless phase repre-
sented by the black curves in the phase diagram Fig. 3,
two EPs merge as one and locate at (kx, ky) = (0, pi)
for γ2 = (m+ t)
2
+ t2 and at (kx, ky) = (pi, pi) for
γ2 = (m− t)2 + t2. The band structures in the gapless
phases with different EP distributions are demonstrated
in Figs. 2(b)-2(e).
The white regions in the phase diagram (Fig. 3) indi-
cate the topologically trivial phase with zero Chern num-
ber; topologically protected edge states are absent in this
phase under OBC in either direction. Due to the large
imaginary part of energy bands at large non-Hermiticity
of γ2 > (|m|+ t)2 + t2, the energy bands are fully com-
plex and separable. The green regions also represent a
phase with zero Chern number; however, in-gap topo-
logically protected edge states exist under OBC in the y
direction; this point is elucidated in Sec. IV.
Chern number. To characterize the topological prop-
erties of the inversion symmetric non-Hermitian Chern
insulator, it is convenient to transform the Bloch Hamil-
tonian H (k) into a two-band model. After a similar
transformation
M =


√
µ −i√µ 0 0
−i√ν √ν 0 0
0 0
√
ν −i√ν
0 0 −i√µ √µ

 , (8)
is performed, the Bloch Hamiltonian of the non-
Hermitian Chern insulator changes into
MH (k)M−1 =


t sin kx
√
µν 0 teiky√
µν −t sinkx t 0
0 t t sinkx
√
µν
te−iky 0
√
µν −t sinkx

 ,
(9)
which possesses a two-site unit cell instead of a four-
site one because of the repeated diagonal 2 × 2 matrix
1C = − 1C = +
0C =
FIG. 3. Phase diagram in the m-γ parameter space. The
yellow and orange regions indicate the gapless phase. In the
phase with separable bands, the Chern number is nonzero in
the magenta and cyan regions; the Chern number is zero in the
white and green regions. The black (red) curves indicate the
gapless phase with EPs (DPs). For the topological phase with
nonzero Chern number, the helical edge states exist for the
system under OBC in the x direction or in the y direction. In
the gapless phases, the helical edge states exist for the system
under OBC only in one direction. In-gap helical edge states
exist in the green region.
√
µνσx + (t sin kx)σz . This is in accordance with the
spectrum presented in Fig. 2, where two bands can form
a single band after one of them shifts by 2pi in the ky
direction.
The equivalent two-band Bloch Hamiltonian h(k) =
B · σ reads
h(k) = Bxσx +Byσy +Bzσz. (10)
The Bloch Hamiltonian is a spin-1/2 in a complex
effective magnetic field B =(Bx, By, Bz) with Bx =√
µν + t cosky , By = −t sinky , Bz = t sinkx; and
σ =(σx, σy, σz). In the Hermitian limit γ = 0, the
effective magnetic field Bx = m + t cos kx + t cos ky,
By = −t sinky, Bz = t sin kx is real, and h (k) follows
the Qi-Wu-Zhang model [166].
The Bloch Hamiltonian h(k) describes an RM ladder
with glider reflection symmetry [167, 168] consisting of
two coupled RM chains, and the inter-ladder leg cou-
pling is
√
µν. In the regions that the energy bands are
separated, the Chern number for the energy band is a
topological invariant that characterizes the topological
properties and the appearance of edge states of the sys-
tem under OBC.
The eigenvalue is ε±(k) = ±B, where B = (B2x +
B2y + B
2
z )
1/2; the corresponding eigenstate is |ψ±(k)〉 =
N−1± [Bz ± B,Bx + iBy]T , where N± = (|Bz ± B|2 +
|Bx + iBy|2)1/2 and the eigenstate |ψ±(k)〉 satisfies
5〈ψ±(k)|ψ±(k)〉 = 1. The wavefunction singularity occurs
at Bz±B = Bx+ iBy = 0. The Berry connection for the
eigenstate is A±(k) = −i 〈φ±(k)| ∇k |ψ±(k)〉 [60, 61, 63],
and the Berry curvature is Ω±(k) = ∇k ×A±(k), where
|φ±(k)〉 is the eigenstate of H†(k) with corresponding
energy bands ε∗±(k). The eigenstates of H(k) and H
†(k)
constitute a biorthogonal basis. |ψ±(k)〉 and |φ±(k)〉 are
known as the right and left eigenstates, and they satisfy
〈φ±(k)|ψ±(k′)〉 = δkk′ [169, 170]. The Chern number is
defined as the integration of Ω±(k) over the whole first
BZ
C± =
1
2pi
∫∫
BZ
dkxdkyΩ±. (11)
The Chern numbers for the upper and lower bands
are opposite C ≡ C− = −C+. The Chern number for
either band is capable of characterizing the topological
properties of the corresponding phases. The Chern num-
ber directly reflects the number of edge modes at the
interface of two distinct bulks. At large non-Hermiticity,
µν < 0, the Berry curvature Ω±(k) is well-defined in the
BZ. The singularity point in the wave function results
in a nonzero Chern number, which predicts the nontriv-
ial topology and the existence of edge states. For the
wave function with singularity, two gauges are used to de-
scribe the wavefunction.
∣∣ψII± (k)〉 replaces ∣∣ψI±(k)〉 in an
area D that encloses the singularity of
∣∣ψI±(k)〉, that is,∣∣ψII± (k)〉 = ∣∣ψI±(k)〉 eiϕR±(k), ∣∣φII± (k)〉 = ∣∣φI±(k)〉 eiϕL±(k).
The phase dependence between two gauges results in a re-
lation between two Berry connections AII± (k) = A
I
±(k)+
∇kϕR±(k). The Stokes’ theorem indicates that the Chern
number equals the winding of the variation of ϕR± along
the loop that encloses the area D.
The Berry curvature Ω±(k) is ill-defined at highly de-
fective EPs µν = 0, where eigenstates coalesce in pairs
and one-half of eigenstates vanish. Notably,
√
µν changes
between real and imaginary as kx crosses these highly
defective EPs in the BZ. Consequently, Bx (hx,±) is not
smooth and the Berry curvature Ω±(k) is ill-defined at
these highly defective EPs. However, the Chern num-
ber is an integral of the Berry curvature on the BZ, the
ill-defined Berry curvatures are only a finite number of
EP lines. Thus, the Chern number is still determined
by the singularity point in the BZ of the wave function.
The singularity point of the wave function does not ap-
pear at these highly defective EPs, so the nonzero (zero)
Chern number C = ±1 (0) is verified from the numerical
simulation in the discretized BZ [171].
A vector field F = (〈σx〉 , 〈σy〉 , 〈σz〉) defined by the
average values of Pauli matrices reflects the topologi-
cal features. Fx,y,z = 〈σx,y,z〉 = 〈ψ (k)|σx,y,z |ψ (k)〉
and the subscript ± indicate the index of the energy
band. Under the normalization of the right eigenstate
〈ψ(k)|ψ(k)〉 = 1, the amplitude of the vector field is
unity, that is, |F|2 = 1. The vector field is depicted in
Fig. 4 to elucidate that a winding number associated with
F accurately predicts the (non)existence of edge states in
0 2
(a)
(b)
(c)
(d)
0 2
0 2
0 2
FIG. 4. The planar vector field F− for the lower band of h(k).
(a) γ =
√
3, kx = 0; (b) γ = 2, kx = 0; (c) γ =
√
3, ky = pi;
(d) γ = 2, ky = pi. Other system parameters are m = t = 1.
(a) and (d) correspond to w− = 0; (b) and (c) correspond to
w− = 1.
the gapless phases. For the system under OBC in the y
direction, the trivial and nontrivial windings of the pla-
nar vector field Fxy = (〈σx〉 , 〈σy〉) as ky varying a period
predict the attaching point of the edge states and the bulk
states in the complex energy bands
w = (2pi)−1
∫ 2pi
0
dky∇kyφ, (12)
where tanφ = Fy/Fx. The winding numbers of two en-
ergy bands are identical, that is, w+ = w−. The non-
trivial 2pi varying direction accumulation of the planar
vector field Fxz = (〈σx〉 , 〈σz〉) in a period of kx pre-
dicts the edge states for the system under OBC in the
x direction; correspondingly, w = (2pi)−1
∫ 2pi
0
dkx∇kxφ
with tanφ = Fz/Fx and w predicts the topological phase
transition at ky = ±pi/2. Notably, the topological phase
transition at ky = ±pi/2 in h (k) indicates the existence
of edge states in the region ky = [−pi, pi] as depicted in
Fig. 5 for H under OBC in the x direction. This is be-
cause the folded BZ in the ky direction of h (k) yields the
BZ of H (k).
IV. ENERGY BAND AND EDGE STATE IN
THE EDGE HAMILTONIAN
The bulk topology of the system determines the phase
diagram, which accurately predicts the topological phase
transition and the (non)existence of edge states in dif-
ferent topological phases. In this section, we discuss the
edge states under different OBC in the x and y direc-
tion, respectively. The PBC and OBC spectra are not
dramatically different from each other owing to the valid-
ity of conventional bulk-boundary correspondence. The
system under OBC is referred to the edge Hamiltonian
because it is generated by truncating the bulk Hamilto-
nian in a certain way. The two-dimensional Chern in-
sulator reduces to a non-Hermitian quasi-1D SSH ladder
6-1 0 1
-3
0
3
-1 0 1
(b)
-1 0 1
-3
0
3
-1 0 1
(c)
-1 0 1
-3
0
3
-1 0 1
-1 0 1
-3
0
3
-1 0 1
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-1 0 1
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0
3
-1 0 1
-1 0 1
-3
0
3
-1 0 1
(e)
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0
3
-1 0 1-1 0 1
-3
0
3
-1 0 1
-1 0 1
-3
0
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-1 0 1
(a)
-1 0 1
-3
0
3
-1 0 1
FIG. 5. Energy spectrum under OBC. The upper (lower) panel represents the energy spectrum of the system under PBC in
the x (y) direction, but under OBC in the y (x) direction. The parameters are (a) γ = 1/2, (b) γ = 3/2, (c) γ = 2, (d) γ = 5/2;
other parameters are m = t = 1 in (a)-(d). m = 0, t = 1, and γ = 1/2 in (e). The number of unit cells of 1D projection lattices
is twenty.
x
m t
y
a b
xiktem
2it
2
t
a b
c d
a
b
c
d
(1 e ) 2y
ik
it (1 e ) 2y
ik
it (1 e ) 2y
ik
t
(a)
(b)
FIG. 6. (a) [(b)] Schematic of the 1D projection at set ky (kx)
of the 2D inversion symmetric non-Hermitian Chern insulator.
(a) Quasi-1D SSH ladder. (b) Quasi-1D Creutz ladder.
or quasi-1D Creutz ladder at a fixed momentum in the
y or x direction, respectively. The non-Hermitian quasi-
1D Creutz ladder is equivalent to a 1D RM chain with
asymmetric couplings presented alternately.
For the Chern insulator under PBC in the y direc-
tion and OBC in the x direction, we apply the Fourier
transformation in the y direction. This projection gives a
quasi-1D SSH ladder with momentum ky-dependent cou-
plings and staggered on-site potentials, as presented in
Fig. 6(a). Similarly, for the Chern insulator under PBC
in the x direction and OBC in the y direction, the pro-
jection lattice reduces to a quasi-1D Creutz ladder with
a momentum kx-dependent couplings in the inter ladder,
as presented in Fig. 6(b).
The appearance of band touching affects the
(non)existence of topologically protected helical edge
states. Notably, the inversion symmetric 2D non-
Hermitian Chern insulator is anisotropic. In the green re-
gion of the phase diagram, the helical edge states appear
only in the system under OBC in the y direction. Be-
tween the green and cyan regions, the system experiences
a band touching with DP at (kx, ky) = (0, 0) [Fig. 2(d)].
Thus, for the system under OBC in the y direction, the
in-gap helical edge states crossing at kx = 0, pi change
into helical edge states that connect the upper and lower
bands and cross only at kx = pi. As m continuously
increases, the system experiences a band touching with
DP at (kx, ky) = (pi, 0) and the helical edge states in the
cyan region crossing at kx = pi are destroyed and disap-
pear in the white region. Similarly, for the system under
OBC in the x direction, the helical edge states crossing
at ky = 0 are formed after the system comes across the
band touching with DP at (kx, ky) = (0, 0) and enters
the cyan region in the phase diagram. As m continu-
ously increases, the system experiences a band touching
with DP at (kx, ky) = (pi, 0) and the helical edge states
in the cyan region crossing at ky = 0 are destroyed and
disappear in the white region.
In the gapless phase, the helical edge states appear only
under OBC in one direction. We consider a process with
increasing non-Hermiticity. The system first experiences
a nontrivial phase with C = 1 in the cyan region, then
it enters the gapless phase, and finally it stays in the
trivial phase with C = 0 in the white region. As non-
Hermiticity increases, the system enters the gapless phase
in the yellow region from the cyan region. For the system
under OBC in the y direction, the helical edge states cross
at kx = pi. The EPs appear at (kx, ky) = (pi, pi) and then
the kx position of EPs changes as γ increases. Thus the
helical edge states crossing at kx = pi are destroyed by
7non-Hermiticity. However, the DP appears at (kx, ky) =
(0, 0) at increasing γ; then the helical edge states cross
at kx = 0 and reappear until the EPs move to (kx, ky) =
(0, pi), which destroys the helical edge states once again.
Thereafter, the system enters the trivial phase with C =
0 in the white region. By contrast, for the system under
OBC in the x direction, the helical edge states cross at
ky = 0. The EPs are fixed at ky = pi independent of non-
Hermiticity, and do not affect the helical edge states until
the DP appears at (kx, ky) = (0, 0). Then, the helical
edges crossing at ky = 0 are destroyed and disappear
in the gapless phase in the orange region. These are
elucidated in Fig. 5.
Energy bands. The nonzero Chern numbers ±1 of the
upper and lower bands in the topologically nontrivial
phase indicate the existence of a pair of topologically
protected helical edge states under OBC. The two helical
edge states in a pair localize at the left and right edges
of the 1D system, respectively. The green region with
zero Chern number consists of in-gap edge states. In the
gapless phase, topologically protected helical edge states
exist in the orange region of the phase diagram only for
the OBC in the y direction; the topologically protected
helical edge states exist in the yellow region of the phase
diagram only for the OBC in the x direction. The white
regions with zero Chern number are topologically trivial
phases without topologically protected edge states.
The energy bands for different topological phases of the
inversion symmetric non-Hermitian Chern insulator un-
der PBC and OBC in the x and y directions, respectively,
are depicted in the upper panel of Fig. 5. Figure 5(a) de-
picts the spectrum in the topologically nontrivial phase
with C = 1; a pair of helical edge states exist, localiz-
ing on the left and right boundaries of the 1D lattice,
respectively.
In the gapless phase, the EPs can move along kx as
non-Hermiticity γ. Large non-Hermiticity destroys the
helical edge states, as shown in Fig. 5(b); they crossing
at kx = pi disappear. As non-Hermiticity increases to
γ =
√
3 for m = t = 1, in the gapless phase, an addi-
tional band touching DP is formed at kx = 0. In the or-
ange region of the phase diagram, two helical edge states
reappear at large non-Hermiticity as shown in Fig. 5(c);
they cross at kx = 0 instead of at kx = pi as in the C = 1.
In Fig. 5(d), the system is in the topologically trivial re-
gion without the presence of edge states.
Moreover, we study the inversion symmetric non-
Hermitian Chern insulator under PBC and OBC in the
y and x directions, respectively. The conventional bulk-
boundary correspondence still holds in this situation.
The lower panel of Fig. 5 depicts the corresponding spec-
tra at the same system parameters as those in the upper
panel of Fig. 5. The topologically protected helical edge
states appear in the regions with C = 1 and in the yel-
low regions of the gapless phase. In the gapless phase,
the band touching EPs appear at ky = pi; the helical edge
states crossing at ky = 0 are not destroyed. The gapless
phase with band touching DP [Fig. 2(d)] is the bound-
ary for the appearance of gapless topologically protected
edge states; for even larger non-Hermiticity, the topologi-
cally protected helical edge states disappear in the orange
region of the gapless phase.
The OBC spectra in the green region with C = 0 are
depicted in Fig. 5(e). In-gap edge states are observed
under OBC in the y direction; both edge states are de-
tached from the upper and lower bands; this is indicated
by the zero Chern number. Two in-gap edge states cross
at kx = 0, pi. As non-Hermiticity increases, the in-gap
edge states may touch the upper and lower bands at γ > 1
with the diminishing gap. By contrast, the topologically
protected helical edge states are absent for the system
under OBC in the x direction.
Edge states. For the system under OBC in the y di-
rection, the left edge state localizes at the left boundary
and has eigen energy EL (kx) = −t sinkx. We consider
ψ1 = 1 for convenience without loss of generality. The
wave functions of the left edge state |ψL〉 satisfies the
recursion relation{
ψ2j = −iψ2j−1,
ψ2j+1 = [(−1)jγ/t− (m+ t cos kx) /t]ψ2j−1, (13)
where j = 1, 2, 3, · · · , n/2 − 1 is the index, and ψn =
−iψn−1. The right edge state |ψR〉, localizes at the right
boundary and has eigen energy ER (kx) = t sin kx. We
can consider ψn = 1, and the recursion relation for the
wave functions of the right edge state |ψR〉 is{
ψn−(2j−1) = −iψn−(2j−2),
ψn−2j = [(−1)jγ/t− (m+ t cos kx) /t]ψn−(2j−2),
(14)
where j = 1, 2, 3, · · · , n/2 − 1 is the index, and ψ1 =
−iψ2. Notably, the edge state energy is independent of
the coupling m and the non-Hermiticity γ although both
affect the wave functions. The edge states under OBC in
the y direction in different topological phases are depicted
in Figs. 7(a)-7(c). Figure 7(a) presents the edge states
in the C = 1 phase, as illustrated in Fig. 5(a); Fig. 7(b)
represents the edge states in the gapless phase, as illus-
trated in Fig. 5(c); Fig. 7(c) represents the in-gap edge
states in the C = 0 phase, as illustrated in Fig. 5(e). The
green region (C = 0) with in-gap edge states is a novel
phase induced by non-Hermiticity.
For the system under OBC in the x direction, the left
edge state localizes at the left boundary and has eigen
energy EL (ky) = −t sin (ky/2). The wave functions of
the left edge state |ψL〉 satisfies the recursion relation

ψ4j+1 =
iγ
t ψ4j−1 − [mt − cos(
ky
2 )]ψ4j−3,
ψ4j+3 = − (iγ/t)ψ4j+1m/t+cos(ky/2) −
ψ4j−1
m/t+cos(ky/2)
,
ψ4j+2 = ψ4j+1e
iθ,
ψ4j+4 = −ψ4j+3eiθ,
(15)
where j = 1, 2, 3, · · · , n/4 − 1 is the index, and ψ1 = 1,
ψ2 = e
iθ, ψ3 = − (iγ/t) /[m/t + cos(ky/2)], and ψ4 =
−ψ3eiθ with sin θ = sin(ky/2), and cos θ = − cos(ky/2).
The right edge state, localizes at the right boundary and
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FIG. 7. Edge states under OBC. The set momentum in the
direction under PBC is marked inside. The parameters are
identical with those chosen in Fig. 5. γ = 1/2 in (a), (c),
(d); γ = 2 in (b); and γ = 3/2 in (e). Other parameters are
m = t = 1 except for m = 0, t = 1 in (c).
has eigen energy ER (ky) = t sin (ky/2). The recursion
relation for the wave functions of the right edge state
|ψR〉 is


ψn−4j =
iγ
t ψn−(4j−2) − [mt − cos(
ky
2 )]ψn−(4j−4),
ψn−(4j+2) = − (iγ/t)ψn−4jm/t+cos(ky/2) −
ψn−(4j−2)
m/t+cos(ky/2)
,
ψn−(4j+1) = ψn−4je
iθ,
ψn−(4j+3) = −ψn−(4j+2)eiθ,
(16)
where j = 1, 2, 3, · · · , n/4 − 1 is the index, and ψn = 1,
ψn−1 = e
iθ, ψn−2 = − (iγ/t) /[m/t + cos(ky/2)], and
ψn−3 = −ψn−2eiθ with sin θ = sin(ky/2), and cos θ =
− cos(ky/2). The edge states under OBC in the x di-
rection in different topological phases are depicted in
Figs. 7(d) and 7(e). Figure 7(d) represents the edge
states in the C = 1 phase, as illustrated in Fig. 5(a);
Fig. 7(e) represents the edge states in the gapless phase,
as illustrated in Fig. 5(b).
V. DISCUSSION
Experimental realization. The non-Hermitian Chern
insulator can be simulated by dissipative ultracold atoms
in an optical lattice with a synthetic magnetic field and
the spin-orbital coupling [172–174]. In addition, the non-
Hermitian Chern insulator can be implemented in opti-
cal and photonic systems such as coupled waveguide and
coupled resonator lattices [175, 176], where optical dissi-
pation and radiation ubiquitously exist. Instead of incor-
porating a balanced gain and loss, introducing different
dissipations in different sublattices facilitates realization
of passive non-Hermitian topological systems in experi-
xkt sin
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2/)( t 2/)( t
xkt sin
y
a b
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t
FIG. 8. (a) 1D RM chain with asymmetric nearest-neighbor
coupling and symmetric long-range coupling. (a) can be re-
garded as a quasi-1D RM ladder with asymmetric intra-ladder
leg coupling at λ 6= ±t.
ment. It is convenient to induce losses by sticking addi-
tional absorption materials. In Ref. [129], proposed real-
ization of a coupled resonator optical waveguide lattice
of the non-Hermitian Creutz ladder with gain and loss;
this proposal is directly applicable realizing the inversion
symmetric non-Hermitian Chern insulator investigated in
this study by coupling the Creutz ladders together and
adding the non-Hermiticity alternately in the x and y
directions.
1D projection of the Chern insulator. The quasi-
1D Creutz ladder [Fig. 6(b)] changes into a quasi-1D
RM ladder with asymmetric couplings [Fig. 8(a)] af-
ter applying a uniform transformation to each dimer
(the upper and lower sites with intra-dimer coupling m),
I2n ⊗ (σ0 + iσx) /
√
2. Moreover, if the off-diagonal cou-
pling strength in the plaquette is λ/2 instead of t/2 in
Fig. 1, the obtained quasi-1D RM ladder changes into
Fig. 8(b) which can be regarded as a 1D RM chain with
long-range coupling or as two coupled RM chains with
asymmetric inter-chain coupling. The coupling depicted
in green (red) is the nearest-neighbor coupling between
asymmetric dimers; the red (green) coupling is the long-
range coupling, studied in Ref. [133]. In the situation
that λ = t (λ = −t), the long-range couplings vanish. In
the neighboring asymmetric dimers, the asymmetric cou-
plings with stronger and weaker coupling amplitudes are
in the opposite directions, which is due to the difference
in the one-way amplification and one-way attenuation.
At µν = 0, the asymmetric couplings are unidirectional
[164, 177] and result in highly defective EPs. Notably,
alternately introducing the gain and loss under inversion
symmetry prevents the one-way amplification, one-way
attenuation, and nonzero accumulation of imaginary flux.
This is the key point for the validity of conventional bulk-
boundary correspondence.
9VI. SUMMARY
In summary, we investigated an inversion symmet-
ric 2D non-Hermitian Chern insulator with balanced
gain and loss in x and y directions and found that the
conventional bulk-boundary correspondence holds. The
bulk topology determines the phase diagram and accu-
rately predicts the topological phase transition and the
(non)existence of topological edge states for the system
under OBC. The helical edge states exist in the phase
with nonzero Chern number for the system under OBC
in both directions. By contrast, non-Hermiticity can
vary the system topology and destroy (create) helical
edge states. Non-Hermiticity creates topological gapless
phases, where the helical edge states exist in the inversion
symmetric non-Hermitian Chern insulator under OBC in
only one direction. The winding number associated with
the vector field of the average values of Pauli matrices
predicts the edge states in the gapless phases. Further-
more, non-Hermiticity creates a novel topological phase
with zero Chern number, in which a pair of topologically
protected in-gap helical edge states are found; this fea-
ture differs from the trivial phase with zero Chern num-
ber and without edge states. Our findings provide in-
sights into symmetry-protected non-Hermitian topologi-
cal insulators.
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